Introduction. Let
L(u) + \u = u^ + P 2 0)^( n -2) + • • • + P n {oo)u + \u = 0,
W,(u) = 0, j = 1, 2, • • • , », be a given linear differential system of the nth order subject to the following hypotheses: (i) the functions P 2 , • • • , P n are continuous and have continuous derivatives of all orders on (0, 1) ;
(ii) the boundary conditions, consisting of n linearly independent linear equations involving w (fc) (0), u w {\), (fe=0, 1, • • • , n -1), are regular ;f (iii) X = 0 is not a characteristic value, so that the system L(u) = 0, Wj(u) =0 is incompatible.
Under hypotheses (i), (ii), it is well known that (1) possesses an infinite sequence of characteristic values {X;} (arranged in order of increasing moduli) and a corresponding sequence of characteristic solutions {ui(x)}. Moreover, the values \i are also the poles of the Green's function G(x, y; X) associated with (1), and these poles are, in general, simple when |X»| is large.J Furthermore, the system L'(v)+\v = 0, Wj (v) = 0, which is adjoint to (1), has the same characteristic values as (1), and a corresponding sequence of characteristic solutions {vi(x)}.
For a given f unction ƒ (x), the Birkhoff series associated with (1) is defined by
provided the poles of G(x, y\ X) are simple. In the case of multiple poles X a , the corresponding terms in (2) are to be replaced by the terms f 0 f(y)R a (x, y) dy, where R a (x y y) is the residue of G at X=X«.
The partial sums of this series will be denoted hereafter by BN(X).
On the other hand, any arbitrary linear combination of the form will be called "an arbitrary Birkhoff sum" or "a sum of Birkhoff type." In this paper we propose to consider the possibility of approximating simultaneously a given function ƒ(x) and its first m derivatives by sums of Birkhoff type, in the form
uniformly on (0,1), for k = 0,1, • • • , m, with lim^oce^ = 0. The results obtained will then be used to derive certain theorems relating to the corresponding approximations when the sums BN(X) themselves are used. In this latter connection, we should mention the results given by Stone* relative to the derived series of Birkhoff, which, however, are different from those developed here. Since Ui satisfies (1) when X =X», it follows that
That is, Sx satisfies the nonhomogeneous system L(y) -<TN, W,-(y) = 0. But this system, in view of hypothesis (iii), has a unique solution, and hence, if G(x, £) is the Green's function associated with L(y) = 0, Wj(y) = 0 (not to be confused with G(x, y; X)), we can write
h in this expression exist and are known to be uniformly bounded on 0^x } %S. 1 for all values of k in question.
In regard to the f unction ƒ (#), let us assume that it satisfies the n auxiliary equations W 3 (f)=0, 0'=l, 2, • • • , n). This assumption is necessary if the errors of approximation in question are to converge to zero uniformly on (0, 1).* With this understanding, the function f(x) is the unique solution of the nonhomogeneous system L(y) = £(ƒ), Wj(y) =0, and hence (3) and (4), that
From (5) % As sums u N we may choose the partial sums of the Birkhoff series for L(J). These sums converge in the mean (with index 2) under the same hypotheses as will insure convergence in the mean of the Fourier series. This fact follows as an immediate consequence of Theorem XIII of Stone's paper, loc. cit., p. 723, and Minkowski's identity.
prove the truth of the assertion. The condition that L(f) be integrable is equivalent, of course, to the requirement that/(x) and its first n -1 derivatives be continuous and f (n) (x) be integrable. Thus we have proved the following result. In regard to the function ƒ(x), we must now assume that it satisfies the 2n auxiliary conditions
Then, letting F(x) denote the function !,(ƒ), we can write
From these results and (6), it follows that (8) l/^-sJHsGfV-Tirl*,
On putting k = 0 in (9) and substituting the result in (8), we get
Again, from the identity
we obtain, with the help of (9) and (10) In the general case, when m=pn -l t we define SN(X) by the equation
We must now assume that fix) satisfies the pn auxiliary conditions
Then it may be shown that On the other hand, if X* is a multiple pole of G (x, y; X) , the corresponding terms a<«»-in a*^ must be replaced by f L(j) Ri(x, y)dy, where Ri(x, y) is the residue at X =X». But from the known properties of the residue, we can easily infer that f £(/)*<(*, y)dy/(-X,) = f ƒ*«(*, y)dy. There is no difficulty in extending these results to the case m=pn -l. Hence we can state our next theorem. MOUNT ALLISON UNIVERSITY * W. E. Milne, Transactions of this Society, vol. 19 (1918) , pp. 143-156, Theorem I.
